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We investigate the dynamics of a tagged particle embedded in a strongly interacting confined liquid
enclosed between two opposing flat walls. Using the Zwanzig-Mori projection operator formalism we
obtain an equation of motion for the incoherent scattering function suitably generalized to account
for the lack of translational symmetry. We close the equations of motion by a self-consistent mode-
coupling ansatz. The interaction of the tracer with the surrounding liquid is encoded in generalized
direct correlation functions. We extract the in-plane dynamics and provide a microscopic expression
for the diffusion coefficient parallel to the walls. The solute particle may differ in size or interaction
from the surrounding host-liquid constituents offering the possibility of a systematic analysis of
dynamic effects on the tagged-particle motion in confinement.
PACS numbers: 64.70.pv,64.70.Q-
I. INTRODUCTION
The dynamics of dense liquids is dominated by the cage
effect, where a particle is transiently trapped by its sur-
rounding neighbors. The rattling in the cages and the
escape thereof induces strong memory effects at micro-
scopic time and length scales [1]. In very dense liquids the
interactions between the particles are so strong, that the
liquid may finally end up in an arrested state at macro-
scopic time scales, which is referred to as a glass. In this
dense regime close to the glass transition, transport is
highly correlated and the dynamics slows down dramati-
cally by friction, in particular, the self-diffusion becomes
intriguingly small and the viscosity increases by orders
of magnitude.
A self-consistent ansatz for the intermediate scatter-
ing functions is provided by the mode-coupling theory
(MCT) of the glass transition [1, 2] and characteristic
features of the slowing down of motion due to the cage dy-
namics are rationalized. In the vicinity of the glass transi-
tion singularity a universal scenario is predicted by MCT,
which is corroborated by numerous experiments and sim-
ulations [1, 3–12]. In particular, the regime of the β
relaxation close to the plateau values with two time frac-
tals equipped with nontrivial exponents are uncovered as
asymptotic laws of the underlying equations [1, 13, 14].
Novel phenomena occur if dense liquids are exposed
to confinement on the molecular scale. Then, the new
length scale competes with the typical interaction range
of the particles and imposes local packing frustrations,
which affect the structure and dynamics of the liquid. For
instance, the dynamics of liquids within a frozen disor-
der [15–20] has been investigated and an intriguing inter-
play of localization phenomena and the glass transition
of the liquid has been unraveled.
In contrast, external walls can be utilized to squeeze
dense liquids into narrow pores, channels or wedges. A
multitude of simulations and experiments address the
question of how confinement affects the dynamics of
dense liquids for various particle-wall interactions or
roughness of the walls [21–31]. Relaxation times or trans-
port coefficients such as the diffusion coefficient are then
suitable measures to characterize the rapidity of parti-
cle motion. In particular, for a dense hard-sphere liquid
the diffusivity has been found to oscillate as a function
of the slit width, which is a dynamical manifestation of
(in)commensurability effects of packing in strong confine-
ment [32]. Beyond recent successful investigations to link
static thermodynamic observables directly to transport
coefficients [33–37], an explanation for this phenomenon
in the dense regime by a microscopic theory of dynamical
origin is yet lacking.
Autocorrelation functions of the phase-space coordi-
nates of a single distinguished particle are usually re-
ferred to as self-correlation functions and the dynamics
as self-dynamics. The fundamental statistical quantity
encoding the self-dynamics of a tagged particle is the in-
coherent scattering function, which can be measured by
several techniques including neutron scattering, dynamic
light scattering, single-particle-tracking experiments or,
in particular, by computer simulations [10–12, 38]. Pro-
vided the incoherent scattering function is known, all mo-
ments of the displacement can be extracted, in particular,
the mean-square displacement providing the diffusion co-
efficient for sufficiently long times.
For a tagged particle meandering in a densely packed
liquid a self-consistent description for the incoherent scat-
tering function is also provided by the MCT [14]. The
MCT functional, which generates the slow critical dy-
namics due to the formation of local cages, is a linear
functional of the incoherent scattering function of the
tracer and the collective scattering function of the host
liquid. The interactions with the surrounding solvent
are provided by static vertices and explicitly encoded
in a direct correlation function. The coherent dynam-
ics merely enters as an a priori known input quantity
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2FIG. 1. Tagged particle (yellow) surrounded by a dense sol-
vent (blue particles) in a planar slit pore.
and, in principle, no restriction on its origin is imposed.
The tagged-particle dynamics in the framework of MCT
has been extensively elaborated ranging from simple bulk
systems [14, 38], binary mixtures [39–41], sheared liq-
uids [42, 43], granular fluids [44], molecules [13, 45], poly-
meric liquids [46], and tagged-particle motion in porous
disorder [47, 48]. Extending the theory to inhomogeneous
situations has been done in the case of the collective dy-
namics between two flat walls [49, 50], for local external
fields [51] and periodic potential landscapes [52].
In the present work we derive equations of motion
for the incoherent scattering function of a tagged par-
ticle of arbitrary size in a densely packed confined liquid.
The incoherent scattering function is suitably general-
ized to account for the lack of translational invariance
perpendicular to the channel. We exploit the projection-
operator formalism to obtain formally exact Zwanzig-
Mori equations of motion and close the formalism by
a mode-coupling ansatz. We employ a suitably de-
signed Ornstein-Zernike equation to quantify the cou-
pling strength to the host liquid via a direct correlation
function. To establish contact to recent findings on the
oscillatory behavior of the diffusion coefficient as a func-
tion of the plate distances [32] we extract the in-plane
dynamics and derive a microscopic expression for the dif-
fusion coefficient along the channel.
II. MODEL
We consider a liquid of N structureless identical sol-
vent particles of mass m confined to a slit pore (see
Fig. 1), and add an additional particle of mass ms to
the system. This particle shall be in the following re-
ferred to as the tagged particle or the tracer. The acces-
sible volume for the tracer is given by Vs = ALs, where
A refers to the lateral area and Ls corresponds to the
effective transversal distance for the tagged particle be-
tween the walls. The tracer particle may differ in size and
interaction from the remaining solvent particles; in par-
ticular the effective confinement length in perpendicular
direction is not required to coincide with the accessible
transversal distance L for the host-liquid particles, i.e.,
Ls 6= L. The total Hamilton function consists of a mere
solvent contribution H({~xn}, {~pn}) with the coordinates
of the solvent particles {~xn = (~rn, zn)} and a contribu-
tion arising from the tracer Hs(~xs, ~ps, {~xn}), coordinates
~xs = (~rs, zs),
Htot. = H({~xn}, {~pn}) +Hs(~xs, ~ps, {~xn}). (1)
Here and in the following all quantities characterizing the
self-dynamics are indicated by the index s. The solvent
Hamiltonian follows from Ref. [50] to
H({~xn}, {~pn}) =
N∑
n=1
~p2n
2m
+ V ({~xn}) + U({zn}), (2)
where mutual pairwise interactions between the solvent
particles are assumed
V ({~xn}) =
N∑
n<m
V(|~xn − ~xm|). (3)
The interactions with the walls are described by single-
particle potentials
U({zn}) =
N∑
n=1
U(zn), (4)
where
U(z) =
®
UW (z) for |z| ≤ L/2,
∞ for |z| > L/2. (5)
In the case of identical walls, inversion symmetry
UW (−z) = UW (z) is satisfied. Similarly, an additional
contribution from the tracer particle enters
Hs(~xs, ~ps, {~xn}) = ~p
2
s
2ms
+
N∑
n=1
Vs(|~xn − ~xs|) + Us(zs).
(6)
In particular, the interaction of the tagged particle with
the liquid particles solely depends on their mutual dis-
tance. The tagged particle interacts with the walls via
Us(z) =
®
UWs (z) for |z| ≤ Ls/2,
∞ for |z| > Ls/2, (7)
where similar to the host liquid [50] additional specific
tracer-wall interactions such as adsorption induced by
hydrophilic or adhesive, respectively, hydrophobic or co-
hesive forces, are thereby included.
The time evolution of the tagged particle shall be de-
termined by Newton’s equation of motion. A local vari-
able specifying its position in space is the microscopic
density,
ρ(s)(~r, z, t) = δ[~r − ~rs(t)]δ[z − zs(t)]. (8)
3Averaged observables reflect the symmetries of the con-
fining space; see Ref. [50] for the case of two opposing
flat hard walls. Here, for instance, the average tagged-
particle density,
〈ρ(s)(~r, z, t)〉 =: N−1n(s)(z), (9)
depends due to translational invariance along the con-
tainer walls only on the z coordinate similar to the den-
sity profile of the solvent: n(z) =
∑N
n=1〈δ[~r−~rn(t)]δ[z−
zn(t)]〉 [50]. Thermal averages 〈·〉 are performed in
the canonical ensemble associated with the phase space
spanned by the N+1 particles. Assuming the tagged par-
ticle to be of the same species as the solvent component,
the equivalence n(s)(z) ≡ n(z) follows in the thermody-
namic limit: N,A→∞ at fixed area density n0 = N/A.
The density profile of the tracer n(s)(z) can then be writ-
ten as n(s)(z) = n0〈δ(z − zs)〉.
Suitable eigenmodes for the planar geometry are
provided by the plane wave basis exp[−iQ(s)µ z] with
Q
(s)
µ = 2piµ/Ls, µ ∈ Z, which are complete∑
µ exp[iQ
(s)
µ z] exp[−iQ(s)µ z′] = Lsδ(z − z′) and orthog-
onal L−1s
∫ Ls/2
−Ls/2 dz exp[iQ
(s)
µ z] exp[−iQ(s)ν z] = δµν . The
Fourier components of the tagged particle‘s density pro-
file can be obtained by
n(s)µ =
∫ Ls/2
−Ls/2
dz n(s)(z)eiQ
(s)
µ z. (10)
Since the profile n(s)(z) is real, n
(s)
µ = n
(s)∗
−µ , and for sym-
metric walls n
(s)
µ = n
(s)
−µ holds as well. Furthermore, the
zero-element n
(s)
0 of the density modes always coincides
with the planar density n
(s)
0 = n0 of the solvent, where a
correction of order 1/N has been neglected.
The tagged-particle current density can be decom-
posed into a component parallel and perpendicular to the
walls. The parallel part specifies the in-plane momentum
of the particle
~j‖,(s)(~r, z, t) = ~vs(t)δ[~r − ~rs(t)]δ[z − zs(t)], (11)
and the perpendicular part the momentum in transversal
direction
j⊥,(s)(~r, z, t) = vzs (t)δ[~r − ~rs(t)]δ[z − zs(t)], (12)
where the components of the tracer particle velocity
~ps(t) = ms(~vs(t), v
z
s (t)) has been introduced. Since the
probability to find the tracer particle in the slit is con-
served, a continuity equation can be formulated
∂tρ
(s)(~r, z, t) + ~∇~r ·~j‖,(s)(~r, z, t) +∇zj⊥,(s)(~r, z, t) = 0,
(13)
with ~∇ = (~∇~r,∇z).
The spatial dependence in lateral direction is de-
composed into ordinary plane waves, ei~q·~r, where the
wave vectors ~q = (qx, qy) are treated initially as dis-
crete (qx, qy) ∈ (2pi/
√
A)Z2. As usual, the thermody-
namic limit then allows us to replace (1/A)
∑
~q . . . →
(2pi)−2
∫
d2~q.... In transverse direction, the decomposi-
tion is rendered with the aid of the commensurate dis-
crete Fourier modes. The Fourier components of the mi-
croscopic tagged-particle density are then given by
ρ(s)µ (~q, t) = e
i~q·~rs(t) exp[iQ(s)µ zs(t)]. (14)
Similarly, the longitudinal current density of the tagged
particle is decomposed into the plane-wave basis
jα,(s)µ (~q, t) = b
α(~vs(t) · ~ˆq, vzs (t))ei~q·~rs(t) exp[iQ(s)µ zs(t)],
(15)
where we employ the selector bα(x, z) = xδα,‖ + zδα,⊥
and indicate the unit vector by ~ˆx = ~x/x for a compact
notation. Then, the continuity equation can be recast to
∂tρ
(s)
µ (~q, t) = i
∑
α=‖,⊥
bα(q,Q(s)µ )j
α,(s)
µ (~q, t). (16)
The relevant correlation functions in the present con-
text are built by these phase-space functions. In par-
ticular, the incoherent scattering function readily follows
to
S(s)µν (q, t) = 〈δρ(s)µ (~q, t)∗δρ(s)ν (~q)〉, (17)
which encodes the dynamics of the tagged particle in the
confined geometry containing all moments of displace-
ment. Here, the convention δρ
(s)
µ (~q, t) := ρ
(s)
µ (~q, t) −
〈ρ(s)µ (~q, t)〉 is adopted and we have abbreviated the ini-
tial density mode by ρ
(s)
µ (~q) ≡ ρ(s)µ (~q, t = 0). From
translational symmetry lateral to the walls one infers
〈ρ(s)µ (~q, t)〉 = δ~q,0n(s)µ /n0, which is non zero for ~q ≡ 0,
only. The incoherent scattering function is suitably gen-
eralized to account for the lack of translational symmetry
perpendicular to the walls. From the space-time sym-
metries analyzed in Ref. [50], one infers that the inco-
herent scattering function only depends on the modu-
lus q = |~q|. Its real-space representation is the density-
density auto-correlation function G(s)(|~r − ~r′|, z, z′, t) =
A〈δρ(s)(~r, z, t)δρ(s)(~r′, z′)〉 and both are connected via
the subsequent Fourier transform,
S(s)µν (q, t) =
Ls/2∫
−Ls/2
dz
Ls/2∫
−Ls/2
dz′
∫
A
d(~r − ~r′)G(s)(|~r − ~r′|, z, z′, t)
× exp
î
−i(Q(s)µ z −Q(s)ν z′)
ó
e−i~q·(~r−~r
′). (18)
Further relations for the matrix elements can be elabo-
rated by utilizing time-inversion and time-translational
symmetry, in particular the incoherent scattering func-
tion is Hermitian,
S(s)µν (q, t) = S
(s)
µν (q,−t) = S(s)νµ (q, t)∗. (19)
4For symmetric walls, the inversion symmetry additionally
yields
S(s)µν (q, t) = S
(s)
µν (q, t)
∗ = S(s)−µ−ν(q, t), (20)
i.e., the matrices are real symmetric and invariant under
simultaneous change of the sign of the mode index. For
~q 6= 0 the initial value of the incoherent scattering func-
tion S
(s)
µν (q, t = 0) =: S
(s)
µν is entirely determined by the
density modes of the tagged particle,
S(s)µν = n
(s)∗
µ−ν/n0. (21)
The dependence on the discrete Fourier modes µ, ν is a
manifestation of the breaking of translational symmetry
perpendicular to the walls and stands in strong contrast
to simple bulk liquids [14] or systems with disorder aver-
age [47]. The correlations of the tagged-particle currents
involve matrices with channel indices α, β ∈ {‖,⊥} re-
ferring to the currents parallel and perpendicular to the
walls,
J αβ,(s)µν (~q, t) = 〈jα,(s)µ (~q, t)∗jβ,(s)ν (~q)〉. (22)
Symmetries of the tagged-particle current correlator can
be taken over from Ref. [50], in particular, one infers
J αβ,(s)µν (q, t) = J αβ,(s)µν (q,−t) = J βα,(s)νµ (q, t)∗, (23)
and for symmetric walls, additionally,
J αβ,(s)µν (q, t) = J αβ,(s)µν (q, t)∗ = J βα,(s)−ν−µ (q, t). (24)
A decoupling property follows in the long-wavelength
limit q → 0 for the tagged-particle current-correlator
limq→0 J αβ,(s)µν (q, t) =: δαβJ α,(s)µν (t) due to the symme-
try under rotations around the z axis. To initial time
t = 0 the tagged-particle current correlator decouples as
well with respect to the α, β indices, J αβ,(s)µν (q, t = 0) =:
J α,(s)µν δαβ , and one finds explicitly,
J α,(s)µν = (v(s)th )2S(s)µν , (25)
where the thermal velocity of the tagged particle v
(s)
th =
(kBT/ms)
1/2 is introduced.
III. THEORY FOR THE INCOHERENT
SCATTERING FUNCTION (MCT)
A. Zwanzig-Mori equations of motion
In this subsection we derive equations of motion for
the incoherent scattering function following the Zwanzig-
Mori technique. Applying this strategy similar equations
of motion as in the case of the coherent dynamics in
confined geometry are obtained [50]. In the following
we present this derivation to provide a self-contained de-
scription.
The time evolution of the tagged-particle dynamics
shall obey Newton’s equation of motion, which implies
that phase-space functions A(t) ≡ A({~pj(t)}, {~xj(t)})
with j = 1, 2, . . . , N + 1 are driven by the Liouville op-
erator L, ∂tA(t) = {A(t), H} ≡ iLA(t) [53]. A formal
solution of this equation is given by A(t) = exp(iLt)A,
where we suppress the argument if the phase-space func-
tion is evaluated at initial time t = 0, so A = A(t = 0).
The Hilbert space of the set of fluctuating phase space
functions possesses an inner product 〈A|B〉 ≡ 〈δA∗δB〉
as correlation functions between fluctuations δA = A −
〈A〉 [1]. By the hermiticity of the Liouville operator
with respect to this inner product, time-correlation func-
tions are represented by matrix elements 〈δA(t)∗δB〉 =
〈A|R(t)|B〉 of the backwards-time evolution operator
R(t) = exp(−iLt). Differentiating the backwards-time
evolution operator with respect to t yields an equation of
motion ∂tR(t) = −iLR(t).
The Hilbert space of the phase-space functions shall be
partitioned by employing projection operators P select-
ing distinguished vectors of this space. Thereby com-
pleteness is assured by the orthogonal complement Q
satisfying the identity P + Q = 1. A formally exact
equation of motion for the backwards-time evolution op-
erator is readily obtained; see, for instance, Appendix B
in Ref. [50],
∂tPR(t)P + iPLPR(t)P (26)
+
∫ t
0
dt′PLQR′(t− t′)QLPR(t′)P = 0,
which is the starting point of the projection-operator
formalism. Here, R′(t) = e−iQLQt is referred to as
the reduced backwards time-evolution operator, which
drives the dynamics via the reduced Liouville operator
L′ = QLQ of the subspace spanned by the orthogonal
complement Q = 1 − P. Sandwiching Eq. (26) with
the tagged-particle density |ρ(s)ν (~q)〉 as distinguished vari-
able and choosing the projector onto the same subspace
Pρ(s) =
∑
κλ |ρ(s)κ (~q)〉[(S(s))−1]κλ〈ρ(s)λ (~q)| = 1−Qρ(s) one
obtains an integro-differential equation for the incoher-
ent scattering function S
(s)
µν (q, t) = 〈ρ(s)µ (~q)|R(t)|ρ(s)ν (~q)〉,
which is of Volterra type
S˙(s)µν (q, t)+
∑
κλ
∫ t
0
K(s)µκ (q, t−t′)[(S(s))−1]κλS(s)λν (q, t′)dt′ = 0.
(27)
The term 〈ρ(s)µ (~q)|PLPR(t)P|ρ(s)ν (~q)〉 ≡ 0 vanishes due
to time-inversion symmetry. Generally, the equation is
also called the Zwanzig-Mori equation of motion and
is naturally equipped by a memory function, which ac-
counts for the entire history of the dynamical process.
Explicitly, the kernel is given by
K(s)µν (q, t) = 〈Lρ(s)µ (~q)|e−iQρ(s)LQρ(s) t|Lρ(s)ν (~q)〉, (28)
and by utilizing the continuity equation [see Eq. (16)], it
5splits due to the presence of two tagged-particle currents,
K(s)µν (q, t) =
∑
αβ=‖,⊥
bα(q,Q(s)µ )Kαβ,(s)µν (q, t)bβ(q,Q(s)ν ).
(29)
The kernel Kαβ,(s)µν (q, t) is constructed by the current
observables |jβ,(s)ν (~q)〉 and is specified as the reduced
tagged-particle current correlator,
Kαβ,(s)µν (q, t) = 〈jα,(s)µ (~q)|e−iQρ(s)LQρ(s) t|jβ,(s)ν (~q)〉. (30)
The symmetries are literally the same as found
for J αβ,(s)µν (q, t), see Eq. (22). In the limit of
small wave numbers q → 0 it satisfies the decou-
pling property with respect to the channel indices
limq→0Kαβ,(s)µν (q, t) =: δαβKα,(s)µν (t). For the particu-
lar indices limq→0K‖‖,(s)00 (q, t) = Z‖(t) one recovers the
velocity-velocity auto-correlation function parallel to the
walls
Z‖(t) = 〈~ˆq · ~vs|e−iLt|~ˆq · ~vs〉. (31)
The reduction to the original dynamics stems from
the property limq→0 LPρ(s) =
∑
σκQ
(s)
σ |j⊥,(s)σ (~q →
0)〉[(S(s))−1]σκ〈ρ(s)κ (q → 0)| supplemented with the rota-
tional symmetry around the z axis 〈~ˆq · ~vs|Lk|j⊥,(s)σ (q →
0)〉 ≡ 0 for k ∈ N.
The hierarchy of equations of motion is contin-
ued by utilizing in Eq. (26) the projector Pj(s) =∑
β
∑
κλ |jβ,(s)κ (~q)〉[(J (s))−1]β,(s)κλ 〈jβ,(s)λ (~q)|, and using
the tagged-particle current density |jβ,(s)ν (~q)〉 as a vari-
able by a simultaneous replacement of the Liouville op-
erator L → Qρ(s)LQρ(s) . This yields a second Zwanzig-
Mori equation of motion for the reduced tagged-particle
current correlator,
K˙αβ,(s)µν (q, t)
+
∑
κλ
∑
γ=‖,⊥
∫ t
0
J α,(s)µκ Mαγ,(s)κλ (q, t− t′)Kγβ,(s)λν (q, t′)dt′ = 0.
(32)
All the complexity of the complicated interac-
tions is thereby hidden in the effective force-kernel
Mαβ,(s)µν (q, t) =
îÄ
J (s)
ä
−1M(s)(q, t)
Ä
J (s)
ä
−1
óαβ
µν
, and
it is specified by the formal expression,
Mαβ,(s)µν (q, t) = 〈Ljα,(s)µ (~q)|Q(s)e−iL
′(s)tQ(s)|Ljβ,(s)ν (~q)〉.
(33)
The time evolution of the kernel is provided by the re-
duced Liouville operator L′(s) = Q(s)LQ(s) decorated by
the orthogonal projector Q(s) = 1−Pρ(s)−Pj(s) . It satis-
fies again the symmetry properties found for the tagged-
particle current correlators; in particular it decouples in
the limit q → 0: limq→0Mαβ,(s)µν (q, t) =: δαβMα,(s)µν (q, t).
The Zwanzig-Mori equations of motion can be formally
solved by performing a Laplace transform, where the fol-
lowing convention is adopted:
Sˆ(s)µν (q, z) = i
∫ ∞
0
dt S(s)µν (q, t) exp(izt), Im[z] > 0.
(34)
Then, in the Laplace domain the time-correlation func-
tions are represented by matrix elements of the resolvent
operator Rˆ(z) = (L−z)−1. The first Zwanzig-Mori equa-
tion, Eq. (27), yields a matrix equation for the incoherent
scattering function:
Sˆ(s)(q, z) = −
î
z
Ä
S(s)
ä−1 + ÄS(s)ä−1Kˆ(s)(q, z) ÄS(s)ä−1ó−1,
(35)
where a matrix notation [Sˆ(s)(q, z)]µν = Sˆ
(s)
µν (q, z) has
been introduced. By linearity, Eq. (29) retains its shape
in the Laplace domain,
Kˆ(s)µν (q, z) =
∑
αβ=‖,⊥
bα(q,Q(s)µ )Kˆαβ,(s)µν (q, z)bβ(q,Q(s)ν ),
(36)
and finally, the reduced tagged-particle current correlator
is expressed by inversion in terms of the tagged-particle
correlator of the forces,
Kˆ(s)(q, z) = −
î
z(J (s))−1 + Mˆ(s)(q, z)
ó−1. (37)
The short-time dynamics (t→ 0) of the tagged-particle
correlators follows upon expansion of the Zwanzig-Mori
equations in the Laplace domain for high frequencies. As-
sume the asymptotic behavior of the force correlator to
be M(s)(q, z) = O(z−1) for z →∞, one readily infers
Kˆ(s)(q, z) = −z−1J(s)(q) +O(z−3),
Sˆ(s)(q, z) = −z−1S(s) − z−3J(s) +O(z−5), (38)
where [J(s)]µν(q) =
∑
α b
α(q,Q
(s)
µ )J α,(s)µν bα(q,Q(s)ν ). In
the time domain one obtains for the incoherent scattering
function the behavior for short times (t→ 0),
S(s)(q, t) = S(s) − J(s)(q)t2/2 +O(t4). (39)
Memory effects enter the equation at the earliest within
order O(t4). For the in-plane dynamics S(s)00 (q, t) =
1 − (qv(s)th )2t2/2 + O(t4) one recovers the conventional
ballistic motion along the plates for times O(t2). The
Zwanzig-Mori equations of motion are formally exact and
can serve as a starting point for suitable approximations.
The mode-coupling theory deals with a self-consistent
ansatz to describe the slow motion of the tagged particle
mediated by the cage effect.
B. Mode-coupling theory
Transport of dense liquids is slowed down drastically
due to the strong mutual interactions of the particles.
6A self-consistent description of the local caging forces is
provided by the MCT [1], where the a priori unknown
force correlator is represented by a functional of the col-
lective intermediate scattering function. For the descrip-
tion of the dynamics of a tagged particle the functional
is coupled to the collective intermediate scattering func-
tion of the host liquid and linearly to the incoherent scat-
tering function itself [1, 14]. Here we provide the MCT
ansatz (elaborated in detail in Appendix A) for the kernel
M(s)(q, t) containing the complicated forces to describe
the tagged-particle dynamics in confined geometry, which
is explicitly formalized to
Mαβ,(s)µν (q, t) ≈ Fαβ,(s)µν [S(t),S(s)(t); q]
=
1
N
∑
~q1,~q2=~q−~q1
∑
µ1µ2
ν1ν2
Yα,(s)µ,µ1µ2(~q, ~q1~q2)
× Sµ1ν1(q1, t)S(s)µ2ν2(q2, t)Yβ,(s)ν,ν1ν2(~q, ~q1~q2)∗, (40)
with corresponding vertices,
Yα,(s)µ,µ1µ2(~q, ~q1~q2) =−
n0
LLs
δ~q,~q1+~q2
∑
σ
[(S(s))−1]µσ
× bα(~ˆq · ~q1, Q(s)σ−µ2)c
(s)
σ−µ2,µ1(q1). (41)
The vertices are characterized by the generalized direct
correlation function c
(s)
µν (q) which quantifies the static in-
teraction of the tagged particle with the complex sur-
rounding confined liquid. The direct correlation function
has been introduced by adapting the Ornstein-Zernike
equation to the confining geometry; see Appendix B and
explicitly Eq. (B12). It represents a “mixed” correla-
tor where the first index σ refers to the commensurable
mode of the tagged particle Q
(s)
σ = 2piσ/Ls and τ to the
commensurable mode for the host-liquid particles Qτ =
2piτ/L (see Appendix B). The MCT functional for the
tagged-particle dynamics neatly formalizes the coupling
to the surrounding liquid by its dependence on the coher-
ent scattering function Sµν(q, t) = N
−1〈ρµ(~q, t)|ρν(~q)〉.
One finds that in the long-wavelength limit q → 0 the
mode-coupling functional of the tagged particle, Eq. (40),
decouples due to
∑
~q1
~ˆq·~q1 ≡ 0 with respect to the channel
indices
Mαβ,(s)µν (q → 0, t) =: δαβMα,(s)µν (t), (42)
where the thermodynamic limit N,A → ∞ at constant
n0 = N/A has been anticipated. Explicitly, the tagged-
particle correlator becomes
Mα,(s)µν (t) = n0
∫ ∞
0
dkk
∑
µ1µ2
ν1ν2
yα,(s)µ,µ1µ2(k)
× Sµ1ν1(k, t)S(s)µ2ν2(k, t)yα,(s)ν,ν1ν2(k)∗. (43)
with corresponding vertices
yα,(s)µ,µ1µ2(k) =
1√
2piLLs
∑
σ
[(S(s))−1]µσ
× bα(k/
√
2, Q
(s)
σ−µ2)c
(s)
σ−µ2,µ1(k). (44)
The decoupling property Mαβ,(s)µν (q → 0, t) =:
δαβMα,(s)µν (t) is therefore respected by the theory, as re-
quired by rotational symmetry around the z axis [see
discussion of Eq. (33)]. As a consequence, the reduced
tagged-particle current correlator of the MCT inherits
the decoupling property as well, Kαβ,(s)µν (q → 0, t) =
δαβKα,(s)µν (q → 0, t) [see Eq. (32)].
C. Incoherent glass-form factors
Generically, the MCT ansatz entails a bifurcation sce-
nario for the long-time limit of the incoherent scattering
function [1, 14], which is also referred to as the incoher-
ent nonergodicity parameter or glass-form factors. This
parameter,
F (s)µν (q) := lim
t→∞S
(s)
µν (q, t), (45)
enables one to distinguish between an ergodic liquid state
(F
(s)
µν (q) ≡ 0) and an arrested localized state F (s)µν (q) 6= 0.
For a given long-time limit of the collective dynamics
Fµν(q) := limt→∞ Sµν(q, t), the frozen-in part of the fluc-
tuating forces is obtained as
F (s)[F,F(s); q] :=M(s)(q, t→∞). (46)
With
[(N(s))−1]µν(q)
=
∑
αβ=‖,⊥
bα(q,Q(s)µ )[F (s)[F,F(s); q]−1]αβµν bβ(q,Q(s)ν ),
(47)
one infers from the Zwanzig-Mori equation of motion,
Eq. (35), a self-consistent equation for the incoherent
nonergodicity parameter,
F(s)(q) =
îÄ
S(s)
ä−1 + ÄS(s)ä−1(N(s))−1(q) ÄS(s)ä−1ó−1
= S(s) −
[Ä
S(s)
ä−1
+N(s)(q)
]
−1. (48)
To avoid cumbersome notation we allow [N(s)]−1(q)
to become formally infinite, and in this case we take
N(s)(q) = 0. The equation for the nonergodicity pa-
rameter has many solutions, in particular F(s)(q) ≡ 0
represents the trivial solution which corresponds to the
liquid state.
D. Properties of the solutions
The closed set of equations for the incoherent scatter-
ing function and for the self-nonergodicity parameter in
confined geometry belongs to a certain class of MCT-
equations, whose properties have been recently investi-
gated [54]. This class is characterized by multiple re-
laxation channels as found, for instance, for molecular
7liquids, where the local density varies due to rotation
and translation of the molecule [13, 55]. In the present
context of the motion of a tagged particle in a dense liq-
uid confined between parallel walls the two currents arise
due to the parallel and perpendicular momentum with re-
spect to the surfaces [see Eq. (16)]. Since the coherent
dynamics of the embedding liquid [49, 50] is assumed to
be known [Eq. (40)], the MCT functional for the tagged
particle is a linear functional in the incoherent scattering
function S(s)(q, t). It is literally straightforward to make
contact with Ref. [54]; one merely has to show, that the
tagged-particle MCT functional preserves the same prop-
erties as the MCT-functional for the collective dynam-
ics [50]. To avoid a cumbersome repetition of the same
arguments as presented in Ref. [54], we merely report the
conclusions relevant for the tagged-particle motion.
The tagged-particle MCT functional maps non-
negative matrices F (s)(q)  0 in the mode indices µ, ν to
non-negative matrices with respect to the double indices
γ := (α, µ), δ := (β, ν) for each wave number q. Generi-
cally, all vertices are nonvanishing and all components of
the functional are positive matrices F (s)[F,F(s); q]  0
provided the arguments are positive F(s)(q)  0. By
linearity, the tagged-particle MCT functional preserves
order F (s)[F,F(s); q] − F (s)[F,E(s); q]  0, if F(s)(q) −
E(s)(q)  0 for each q.
Matrix valued correlation functions S
(s)
µν (q, t) satisfy
the condition
∑
ij
∑
µν(ξiaµ)
∗S(s)µν (q, ti−tj)(ξjaν) ≥ 0 [1]
for any finite set of times ti ∈ R and complex numbers
ξi, aµ ∈ C. The MCT functional of the tagged particle
indeed preserves this property and therefore correlation
functions are mapped onto correlation functions. In this
sense it satisfies the same properties as the MCT func-
tional of the collective dynamics. Since the structure of
the Zwanzig-Mori equations is of identical form, the gen-
eral properties of the solutions S(s)(q, t) share the same
properties as the solutions for the collective dynamics
S(q, t) and all conclusions from Ref. [54] can be taken
over. The solutions are unique and can be obtained by
a convergent iteration scheme. Similarly, the solution
of the self-consistent equation for the self-nonergodicity
parameter [see Eq. (46)] is the maximum of all possi-
ble solutions, which is referred to as the maximum the-
orem. Provided the limit limt→∞ S(s)(q, t) exists, it co-
incides with the maximum solution of the self-consistent
equation for the self-nonergodicity parameter, which is a
consequence of a generalized covariance principle demon-
strated in Ref. [54].
To mimic overdamped Brownian dynamics one per-
forms in Eq. (37) the substitution,î
z(J (s))−1 + Mˆ(s)(q, z)
ó−1
→
î
i
Ä
D(s)
ä−1(q) + Mˆ(s)(q, z)ó−1 (49)
with a positive definite matrix D(s)(q)  0 characteriz-
ing the short-time diffusion of the tracer. In this case,
following similar arguments as elaborated in Ref. [54],
the solutions of the MCT-equation for S(s)(q, t) belong
to a subclass of correlation functions, which are purely
relaxational [54].
IV. IN-PLANE DYNAMICS OF THE TAGGED
PARTICLE
Monitoring the confined liquid from a top-view per-
spective one probes solely the lateral coordinates of the
particles confined within the slab. Then, the system ap-
pears as a two-dimensional projection, but its dynamics
strictly depends on the wall separation. The in plane-
dynamics is encoded in the matrix-element S
(s)
00 (q, t) =
〈e−i~q·[~rs(t)−~rs(0)]〉 of the generalized incoherent scatter-
ing function. To extract the in-plane dynamics from the
matrix-valued theory we implement a novel projection-
operator technique with nonorthogonal projectors; see
Appendix C. Thereby it is demonstrated that in the
Laplace domain the in-plane density-fluctuations can be
represented as a generalized diffusion equation,
Sˆ
(s)
00 (q, z) =
−1
z + q2Dˆ(q, z)
, (50)
characterized by the frequency-dependent diffusion coef-
ficient Dˆ(q, z) (see Appendix C). Explicitly, it is given by
the current correlators of the tagged particle
Dˆ(q, z) =Kˆ
(s)
00 (q, z)/q
2
+
∑
ν
Kˆ
(s)
0ν (q, z)
( î
z1+QKˆ(s)(q, z)
ó−1
×QKˆ(s)(q, z)
)
ν0/q
2, (51)
with Q = [S(s)]−1 − P and [P]µν = δµ0[1/S(s)00 ]δν0 =
δµ0δν0; see for a derivation Appendix C. While the first
term in Eq. (51) is of order O(q0), the second term van-
ishes in the long-wave-length limit as can be inferred
from Eq. (36) and by utilizing the decoupling property
limq→0 Kˆ‖⊥,(s)0µ (q → 0, z) ≡ 0. Expanding Eq. (50) in
powers of the wave number q one obtains
Sˆ
(s)
00 (q, z) = −
1
z
+
q2Zˆ‖(z)
z2
+O(q4), (52)
where Zˆ‖(z) = limq→0 Dˆ(q, z) represents the long-wave-
length limit of the frequency-dependent diffusion coeffi-
cient. From Eq. (51) one infers the simple relation,
Zˆ‖(z) = Kˆ‖‖,(s)00 (q → 0, z). (53)
A similar expansion of the incoherent scattering func-
tion S
(s)
00 (q, t) = 〈e−i~q·[~rs(t)−~rs(0)]〉 with respect to the
wave number q yields
S
(s)
00 (q, t) = 1− q2δr2‖(t)/4 +O(q4), (54)
8where the in-planar mean-square displacement δr2‖(t) =
〈[~rs(t)− ~rs(0)]2〉 occurs. Then, one identifies Zˆ‖(z) to
be merely the Laplace transform of the in-planar mean-
square displacement
Zˆ‖(z) = −i
(
z2/4
) ∫ ∞
0
eiztδr2‖(t)dt (55)
= i
∫ ∞
0
eiztZ‖(t)dt.
Integrating by parts twice yields the relation
Z‖(t) =
1
4
δr¨2‖(t) =
1
2
〈~vs(t) · ~vs(0)〉, (56)
and one concludes that Z‖(t) is the in-planar velocity-
velocity autocorrelation function of the tagged particle
and can be inferred from Eq. (31). By the Green-Kubo
relation the in-planar long-time diffusion coefficient is
given as the integrated velocity-velocity auto-correlation
function
D‖ =
∫ ∞
0
Z‖(t)dt, (57)
and from Eq. (55) it can be calculated from the Laplace
transformed velocity-autocorrelation function in the limit
of small frequencies,
D‖ = lim
z→0
Zˆ‖(z)/i
=
Çï∫ ∞
0
M‖,(s)(t)dt
ò−1å
00 (58)
where [M‖,(s)(t)]µν =M‖,(s)µν (t) from Eq. (43). Evaluat-
ing the kernel for all times, the diffusion coefficient paral-
lel to the walls is given by the derived formula. For a par-
ticular interaction of the tagged particle with the host-
liquid particles, it is a function of the wall separation and
the average density of the solvent D‖ ≡ D‖(L,Ls, n0).
The feature of a localization transition can be read: The
diffusion coefficient is zero, D‖ ≡ 0 in the case of a lo-
calized dynamics limt→∞M‖,(s)(t)  0 see Eq. (43)), or
else the diffusion coefficient is finite 0 < D‖ < ∞ and
quantifies the rapidity of lateral particle transport in the
confined environment. The formula, Eq. (58), represents
a microscopic expression for the diffusion coefficient and
we anticipate a nontrivial dependence as a function of
the wall separation, as it has been elucidated by recent
computer simulations [32].
Similarly, a measure of the cage size characterizing
the localized state is the localization length, which is
anisotropic within the confined geometry. The isotropic
part is determined by the in-plane projection,
lim
t→∞ δr
2
‖(t) = 4`
2
‖. (59)
By Laplace transform of the in-planar mean-square dis-
placement together with Eq. (55) and Eq. (37) the local-
ization length is obtained by the long-time limit of the
tagged-particle MCT functional,
`‖ =
ïÅ[
lim
t→∞M
‖,(s)(t)
]−1ã
00
ò1/2
, (60)
which is finite beyond a certain critical point when the
forces freeze in.
V. SUMMARY AND CONCLUSIONS
We have developed a theory for the dynamics of an ar-
bitrarily sized tagged particle moving in a densely packed
confined liquid. Formally exact Zwanzig-Mori equations
for the incoherent scattering function have been derived
by the projection operator formalism and closed by a self-
consistent mode-coupling ansatz. The incoherent scat-
tering function is decomposed into commensurate plane
waves which exactly match the gap between the adjacent
flat walls. The MCT functional is a linear functional
in the incoherent scattering function and vertices control
the coupling strength to the dynamics of the surrounding
fluid. The nontrivial spatial information of the interac-
tions with the solvent is encoded in a generalized direct-
correlation function, only. Thereby, we have adapted the
Ornstein-Zernike equation to inhomogeneous liquids to
describe the static coupling of a tagged particle with the
surrounding host liquid.
The MCT equations of motion for the tagged particle
in confined geometry belong to a particular class of mode-
coupling equations, which are characterized by multiple
relaxation channels and identified in the present work as
the current of the tagged particle parallel and perpendic-
ular to the walls. Since the tagged-particle MCT func-
tional displays similar properties as the coherent MCT
functional, all conclusions of Ref. [54] can be taken over,
e.g., the solutions satisfy the constraints set by probabil-
ity theory, are unique, and can be obtained by a conver-
gent iteration. Furthermore, a covariance principle holds,
which guarantees that the maximum solution of the self-
consistent equation for the self-nonergodiciy parameter
coincides with the long-time limit of the incoherent scat-
tering function [54].
The generalized incoherent scattering function con-
tains all the spatial information on the dynamics of
the tagged particle within the commensurable modes.
Thereby we have defined and provided the relevant phys-
ical quantities in confined geometry, which should be ad-
dressed in experiments and computer simulations for the
tagged-particle motion between parallel walls.
Monitoring the confined liquid from a top-view per-
spective one probes solely the lateral coordinates of the
particles. The dynamics of these coordinates has been
addressed in experiments [26] as well as in computer sim-
ulations [32]. In Ref. [32] the corresponding diffusion
coefficient parallel to the walls has been extracted and
oscillatory behavior as a function of the wall separation
detected [32]. In the present work the in-plane dynamics
9is encoded in the generalized incoherent scattering func-
tion as the matrix element S
(s)
00 (q, t). Using the resolvent
calculus, we have derived an equation of motion for this
particular matrix element. We have performed the long-
wave-length limit to enter the generalized hydrodynamic
regime and via a Green-Kubo relation a microscopic ex-
pression for the in-planar diffusion coefficient has been
derived.
An interesting regime is when the distance between the
plates becomes small [56]. Assume the tagged particle
to be smaller in extension Ls ≥ L than the embedding
solvent, the limit L → 0 provides a system, where the
motion of the solvent is effectively two-dimensional [57,
58] while the tagged-particle motion still is enabled to
perform fluctuations in the z direction. Vice versa for
Ls ≤ L the limit Ls → 0 is anticipated to describe a two-
dimensional (2D) motion of the tracer in a solvent with
an inhomogeneous structure perpendicular to the walls.
An analytical access to these regimes requires primarily
the behavior of the structural quantities in the 2D limit.
We have set the analytical fundament for the study of
the dynamics of a tagged particle in confined geometry
where the host liquid is densely packed. Future numer-
ical implementations of the derived equations of motion
are highly desirable to gain a deeper understanding of
the dynamical processes of particle transport in such en-
vironments where packing effects play a major role. In-
teresting dynamical phenomena are expected, which are
attributed to incommensurability effects in the confined
geometry and an interesting interplay of the tagged par-
ticle with its confined liquid is anticipated.
Generically, one expects that a structural arrest of the
host liquid implies a localization of the tagged particle.
However, for weak coupling to the embedding liquid, e.g.
diminishing the particle size or interaction strength with
the host, the tracer may become mobile again and is then
enabled to meander through the frozen disordered array.
Such a critical point marks a so-called type-A glass tran-
sition characterized by a continuous change within the
incoherent glass-form factor at a critical point [59].
Quite generally the glass transition as well as the
diffusion-localization phenomena become more involved
for confined geometry, where the incoherent glass-form
factor crucially depends on the wall separation. The
tracer may be utilized as a sensor to probe the structure
of the glass by determining the localization length. Fur-
thermore, confinement-induced localization effects are
conceivable, where by pure variation of the wall sepa-
ration and fixed density of the host liquid the tagged-
particle dynamics becomes localized and diffusive again.
One may as well speculate the existence of periodic
traversing of percolation edges upon variation of the wall
separation in the case of weak coupling to the solvent.
Appendix A: Tagged-particle MCT-functional in
confined geometry
In this appendix the MCT-functional for tagged par-
ticle motion is constructed in detail from the formal ex-
pression,
Mαβ,(s)µν (q, t) = 〈Ljα,(s)µ (~q)|Q(s)e−iL
′(s)tQ(s)|Ljβ,(s)ν (~q)〉.
(A1)
The strategy is to project the forces onto the prod-
uct of the tagged particle and collective density
δρµ(~q1)δρ
(s)
ν (~q2) [1], where the collective density is de-
noted by ρµ(~q) =
∑N
n=1 e
i~q·~rn exp[iQµzn] with com-
mensurable modes for the host-liquid particles Qµ =
2piµ/L, µ ∈ Z [50]. Then, a successive factorization of
the four-point correlation function into a product of den-
sity correlation functions is employed. The projector in
compact notation i = (~qi, µi) and i
′ = (~q′i, µ
′
i) (see also
Ref. [55]) is given by
Pρρ(s) =
∑
11′22′
|δρ(1)δρ(2)(s)〉g(s)(12; 1′2′)〈δρ(1′)δρ(s)(2′)|,
(A2)
and is inserted twice to sandwich the reduced backwards-
time evolution operator R′(s) in the force kernel
M
αβ,(s)
µν (q, t) of Eq. (A1). The matrix g(s)(12; 1′2′) en-
sures idempotency of the projector, P2
ρρ(s)
= Pρρ(s) . A
subsequent factorization and reduction to the original dy-
namics yields a product of the form
〈δρ(1)∗δρ(s)(2)∗ exp
Ä
−iL′(s)t
ä
δρ(1′)δρ(s)(2′)〉
≈ NS(1, 1′, t)S(s)(2, 2′, t), (A3)
where the generalized coherent intermediate scat-
tering function of the host liquid [S(q, t)]µν =
N−1〈ρµ(~q, t)|ρν(~q)〉 [50] has been introduced. The combi-
nation (1′ ↔ 2′) is of order O(N0) and therefore of negli-
gible weight in the thermodynamic limit. From Eq. (A3)
one infers to initial time t = 0 the corresponding static
factorization of the four-point correlator,
〈δρ(1)∗δρ(s)(2)∗δρ(1′)δρ(s)(2′)〉
≈NS(1, 1′)S(s)(2, 2′). (A4)
The preceding manipulations suggest employing the con-
sistent factorization of the normalization matrix,
g(12; 1′2′) ≈ N−1S−1(1, 1′)
Ä
S(s)
ä−1(2, 2′). (A5)
As a consequence, the tagged-particle memory kernel is
expressed in terms of the incoherent and coherent inter-
mediate scattering function of the host liquid,
Mαβ,(s)µν (q, t) ≈
1
N
∑
~q1,~q2=~q−~q1
∑
µ1µ2
ν1ν2
Xα,(s)µ,µ1µ2(~q, ~q1~q2)
× Sµ1ν1(q1, t)S(s)µ2ν2(q2, t)X β,(s)ν,ν1ν2(~q, ~q1~q2)∗.
(A6)
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Here, translational invariance parallel to the walls implies
the selection rule ~q = ~q1 + ~q2 and the coupling to the
time-correlation functions is provided by the vertices,
Xα,(s)µ,µ1µ2(~q, ~q1~q2) =
∑
κλ
〈Ljα,(s)µ (~q)∗Q(s)
î
δρκ(~q1)δρ
(s)
λ (~q2)
ó
〉
× [S−1(q1)]κµ1
îÄ
S(s)
ä−1ó
λµ2
, (A7)
and are solely determined by static equi-
librium correlation functions. The overlap
〈Ljα,(s)µ (~q)∗Q(s)
î
δρκ(~q1)δρ
(s)
λ (~q2)
ó
〉 can be calcu-
lated explicitly in terms of suitable static correla-
tion functions. The orthogonal projector Q(s) =
1−P(s) = 1−Pρ(s) −Pj(s) is specified by the projectors
Pj(s) :=
∑
β
∑
στ |jβ,(s)σ (~q)〉[(J (s))−1]β,(s)στ 〈jβ,(s)τ (~q)|
and Pρ(s) =
∑
στ |ρ(s)σ (~q)〉[(S(s))−1]στ 〈ρ(s)τ (~q)|. Since
Pj(s) |ρ(s)σ (~q)〉 ≡ 0 one readily infers
〈Ljα,(s)µ (~q)∗Q(s)
î
δρκ(~q1)δρ
(s)
λ (~q2)
ó
〉
= 〈jα,(s)µ (~q)∗δρκ(~q1)
î
Lδρ(s)λ (~q2)
ó
〉
− 〈Ljα,(s)µ (~q)∗Pρ(s)
î
δρκ(~q1)δρ
(s)
λ (~q2)
ó
〉. (A8)
Note, that the term 〈jα,(s)µ (~q)∗[Lδρκ(~q1)]δρ(s)λ (~q2)]〉 = 0
vanishes by symmetry 〈~vs〉 = 0. Next we employ the
continuity equation of the tracer particle Lρ(s)λ (~q2) =∑
α=‖,⊥ b
α(q2, Q
(s)
λ )j
α,(s)
λ (~q2) to evaluate the overlap to
〈Ljα,(s)µ (~q)∗Q(s)
î
δρκ(~q1)δρ
(s)
λ (~q2)
ó
〉
= (v
(s)
th )
2δ~q,~q1+~q2
[
bα(~ˆq · ~q2, Q(s)λ )〈ρ(s)µ−λ(~q1)|ρκ(~q1)〉
−
∑
στ
bα(q,Q(s)σ )S
(s)
µσ [(S
(s))−1]στ 〈ρ(s)τ−λ(~q1)|ρκ(~q1)〉
]
.
(A9)
In contrast to the collective dynamics [50], the vertices
do not involve a triple-density correlator and therefore no
convolution approximation is required. The static cou-
pling of the microscopic tagged-particle density to the
density of the surrounding solvent is quantified by the
overlap 〈ρ(s)µ (~q)|ρν(~q)〉. A compact expression in terms
of a static measure for the interactions of the tagged-
particle with the host liquid is provided by the direct
correlation function [c(s)(q)]µν = c
(s)
µν (q). Via a suitably
generalized Ornstein-Zernike equation (see Appendix B),
the density overlap is connected to the direct correlation
function by
〈ρ(s)µ (~q)|ρκ(~q)〉 =
n0
LLs
∑
στ
S(s)µσ c
(s)
στ (q)Sτκ(q), (A10)
[see Eq. (B12)], where c
(s)
στ (q) is referred to as a “mixed”
correlator where the first index σ refers to the commen-
surable mode of the tagged particle Q
(s)
σ = 2piσ/Ls and
correspondingly τ to the commensurable discrete mode of
the host-liquid particles Qτ = 2piτ/L (see Appendix B).
The equation for the overlap, Eq. (A9), can then be re-
cast to
〈Lj(s),αµ (~q)∗Q(s)
î
δρκ(~q1)δρ
(s)
λ (~q2)
ó
〉
=− (v(s)th )2
1
LLs
δ~q,~q1+~q2n0
∑
στ
bα(~ˆq · ~q1, Q(s)σ )
× S(s)µ−λ,σc(s)στ (q1)Sτκ(q1), (A11)
where the selection rule due to translational invariance
~q = ~q1 + ~q2 has been utilized. One finally concludes for
the vertices,
Xα,(s)µ,µ1µ2(~q, ~q1, ~q2) (A12)
= −(v(s)th )2
n0
LLs
δ~q,~q1+~q2b
α(~ˆq · ~q1, Q(s)µ−µ2)c
(s)
µ−µ2,µ1(q1),
and the dependence on the wave number is solely en-
coded in terms of the direct correlation function. Deco-
rating Eq. (A6) by the inverse static current correlators,
i.e.,
Ä
J (s)
ä
−1(·)
Ä
J (s)
ä
−1, yields then the desired ex-
pression as presented in the main text [see Eq. (40)].
Appendix B: Ornstein-Zernike equation
The spatial representation of the overlap measure
〈ρ(s)µ (~q)|ρν(~q)〉 provides structural information on the ar-
rangement of the solvent particles with respect to the
tracer. We shall therefore introduce the inhomogeneous
pair-distribution function g(s)(|~r − ~r′|, z, z′), which does
not solely depend on the distance between the particles,
but explicitly on the transversal positions z of the tracer
and z′ of the solvent particles due to the lack of trans-
lational symmetry. Following Ref. [53] we introduce the
pair-distribution function by the definition
n(s)(z)g(s)(|~r − ~r′|, z, z′)n(z′)/n0
:=
N∑
n=1
〈δ(z − zs)δ [~r − ~r′ − (~rs − ~rn)] δ(z′ − zn)〉
=: H(s)(|~r − ~r′|, z, z′) + n(s)(z)n(z′)/n0. (B1)
The pair-distribution function for the solute-solvent sys-
tem is related to the total correlation function by sub-
tracting the ideal-gas part h(s)(|~r − ~r′|, z, z′) = g(s)(|~r −
~r′|, z, z′) − 1, compare Ref. [60] in the context of a
molecular tracer, and one identifies H(s)(|~r− ~r′|, z, z′) =
n(s)(z)h(s)(|~r − ~r′|, z, z′)n(z′)/n0. For the Fourier trans-
forms of “mixed” correlators, e.g., X(s)(|~r − ~r′|, z, z′),
where the tracer positions are (~r, z) and solvent positions
(~r′, z′), we adopt the convention,
X(s)µν (q) =
Ls/2∫
−Ls/2
dz
L/2∫
−L/2
dz′
∫
A
d(~r − ~r′)X(s)(|~r − ~r′|, z, z′)
× exp
î
−i(Q(s)µ z −Qνz′)
ó
e−i~q·(~r−~r
′). (B2)
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The first mode index of the mixed correlators, here
X
(s)
µν (q), always refers to Q
(s)
µ = 2piµ/Ls, which is the
commensurable mode for the effective slit width Ls of
the tagged particle. One infers that the static density
fluctuations of the tagged particle and the surrounding
liquid can be expressed via the relation
H(s)µν (q) = 〈ρ(s)µ (~q)|ρν(~q)〉 =
1
n0LLs
∑
κσ
n
(s)∗
µ−κh
(s)
κσ (q)n
∗
σ−ν .
(B3)
In the following, by exploiting the Ornstein-Zernike
equation we will relate the total correlation function to
the direct correlation function in the case of confined liq-
uids. In real space, the inhomogeneous Ornstein-Zernike
equation for multicomponent liquids between two parallel
walls reads
hij(|~r − ~r′|, z, z′)
=cij(|~r − ~r′|, z, z′) +
∑
k
∫
d~r′′dz′′cik(|~r − ~r′|, z, z′′)
× nk(z′′)hkj(|~r′′ − ~r′|, z, z′), (B4)
see Ref. [53], where the roman indices {i, j, k} refer to
different species of a compound liquid. The Ornstein-
Zernike defines the direct correlation cij(|~r− ~r′|, z, z′) in
terms of the total correlation function hij(|~r − ~r′|, z, z′).
In our case, (i, j) ∈ {t, h}, where t indicates the tracer
and h refers to the host liquid species. Since the tracer
particle density is small, nt(z) = n
(s)(z)/N = O(N−1),
the Ornstein-Zernike equation decouples if one sorts in
powers of the particle number N . To leading order one
obtains the Ornstein-Zernike equation for the solvent,
h(|~r − ~r′|, z, z′)
=c(|~r − ~r′|, z, z′) +
∫
d~r′′dz′′c(|~r − ~r′′|, z, z′′)
× n(z′′)h(|~r′′ − ~r′|, z′′, z′), (B5)
where we have suppressed the indices of the host liquid
to make contact with our previous notations [50]. The
next order yields the mixed correlation functions, which
couple to the spatial positions of the tagged particle,
h(s)(|~r − ~r′|, z, z′) (B6)
=c(s)(|~r − ~r′|, z, z′) +
∫
d~r′′dz′′c(s)(|~r − ~r′′|, z, z′′)
× n(z′′)h(|~r′′ − ~r′|, z′′, z′),
where we again have employed obvious notation for the
mixed correlation functions according to Eq. (B1).
A Fourier decomposition of Eq. (B5) leads to
hµν(q) = cµν(q) +
1
L2
∑
κλ
cµκ(q)n
∗
κ−λhλν(q). (B7)
Employing the definition of the total correlation function
in terms of the van-Hove correlation function n0G(|~r −
~r′|, z, z′) = n(z)h(|~r− ~r′|, z, z′)n(z′) + n(z)δ(z − z′)δ(~r−
~r′), see Ref. [53], the static structure factor Sµν(q) [50]
can be combined with the total correlation function,
n0Sµν(q) =
1
L2
∑
κλ
n∗µ−κhκλ(q)n
∗
λ−ν + n
∗
µ−ν , (B8)
and via Eq. (B7) with the direct correlation function,
[S−1(q)]µν =
n0
L2
[v∗µ−ν − cµν(q)], (B9)
which has been already used to simplify the vertices of the
MCT functional for the collective dynamics in confined
geometry [50]. Here, the Fourier modes of the local vol-
ume vµ are defined by
∑
κ n
∗
µ−κv
∗
κ−ν = L
2δµν . Similarly,
the mixed correlators of the respective Ornstein-Zernike
equation, Eq. (B6), read
h(s)µν (q) = c
(s)
µν (q) +
1
L2
∑
κλ
c(s)µκ(q)n
∗
κ−λhλν(q). (B10)
Eliminating the total correlation function of the liquid in
favor of the structure factor, one obtains the Ornstein-
Zernike equation for the tagged particle,
h(s)µν (q) =
n0
L2
∑
κλ
c(s)µκ(q)Sκλ(q)v
∗
λ−ν . (B11)
The Ornstein-Zernike equation allows us to relate the
overlap of the tagged-particle density to the collective
densityH
(s)
µν (q) = 〈ρ(s)µ (~q)|ρν(~q)〉 by the direct correlation
function and the structure factor of the embedding liquid,
H(s)µν (q) =
1
LLs
∑
κλ
n
(s)∗
µ−κc
(s)
κλ(q)Sλν(q),
≡ n0
LLs
∑
κλ
S(s)µκ c
(s)
κλ(q)Sλν(q). (B12)
Appendix C: Operator identity to extract the
in-plane dynamics
In this appendix we derive the operator identity,
PSˆ(s)(q, z)P = −{z1+ PKˆ(s)(q, z)
− PKˆ(s)(q, z)
î
z1+QKˆ(s)(q, z)
ó−1QKˆ(s)(q, z)}−1P,
(C1)
whereQ = [S(s)]−1−P and [P]µν = δµ0δν0, which readily
yields the generalized diffusion equation for the in-plane
dynamics [see Eq. (51)].
The resolvent calculus technique does not apply di-
rectly to Eq. (35), since it differs from the standard re-
solvent equation [z1 − L]R(z) = −1 by the normaliza-
tion S(s). Therefore, the strategy is to make a detour
performing a basis transformation from the nonorthog-
onal basis of the density modes {|ρ(s)µ (~q)〉} with µ ∈ Z
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and 〈ρ(s)µ (~q)|ρ(s)ν (~q)〉 = S(s)µν to an orthonormalized ba-
sis {|Π(s)µ (~q)〉}, i.e., 〈Π(s)µ (~q)|Π(s)ν (~q)〉 = δµν for all wave
numbers ~q. We follow a standard Gram-Schmidt process
adopting the convention,
|Π(s)0 (~q)〉 = |ρ(s)0 (~q)〉/
»
S
(s)
00 ,
. . .
|Π(s)λ (~q)〉 =
|ρ(s)λ (~q)〉 −
∑λ−1
κ=0 |Π(s)κ (~q)〉〈Π(s)κ (~q)|ρ(s)λ (~q)〉
‖·‖λ
,
(C2)
where the norm ‖·‖λ guarantees the normalization of the
vector |Π(s)λ (~q)〉. Since |Π(s)λ (~q)〉 is a linear combination of
the original vectors |ρ(s)κ (~q)〉 with κ = 0, . . . , λ we define
a triangular transformation matrix [L]µν = Lµν by
|Π(s)λ (~q)〉 =
∑
κ
|ρ(s)κ (~q)〉Lκλ. (C3)
Since the new basis is constructed to be orthonormal one
infers
〈Π(s)µ (~q)|Π(s)ν (~q)〉 =
∑
λκ
L∗λµ〈ρ(s)λ (~q)|ρ(s)κ (~q)〉Lκν
=
∑
λκ
L∗λµS
(s)
λκLκν = (L
†S(s)L)µν = δµν , (C4)
or in matrix notation,
L†S(s)L = 1. (C5)
The equation of motion in the Laplace domain [see
Eq. (35)], becomes free of a normalization,
[z1+ K˜(s)(q, z)]S˜(s)(q, z) = −1, (C6)
where the convention A˜ = L†AL is adopted. The indi-
catorˆfor the Laplace transformed correlation functions
is omitted for a compact notation. Equation (C6) has
the form of a resolvent equation [z1− L]R(z) = −1.
The projector onto the distinguished subspace
|Π(s)0 (~q)〉 shall be referred to as P0 and its orthogonal
complement projecting onto the perpendicular subspace
as Q0 = 1 − P0. We suppress the arguments (q, z) for
the successive manipulations, which can be found in a
similar context in Ref. [1]. The starting point is the de-
composition,
[z1+ K˜(s)]P0S˜(s) + [z1+ K˜(s)]Q0S˜(s) = −1. (C7)
Sandwiching Eq. (C7) with LP0(. . . )P0L† one derives
the first identity
[z1+ PK(s)]PS(s)P + PK(s)QS(s)P = −P, (C8)
where we have defined the pair of generalized projectors
P := LP0L† and Q := LQ0L† = [S(s)]−1 − P. Note
that by construction P = |ρ(s)0 (~q)〉[1/S(s)00 ]〈ρ(s)0 (~q)| is the
standard projection operator onto the subspace spanned
by |ρ(s)0 (~q)〉.
Similarly, a second identity is obtained by sand-
wiching Eq. (C7) with LQ0(. . . )P0L†, which results in
QK(s)PS(s)P + [z1 + QK(s)]QS(s)P = 0. Multiply-
ing from the left by − [z1+QK(s)]−1 yields the second
identity
QS(s)P = −
î
z1+QK(s)
ó−1QK(s)PS(s)P. (C9)
Inserting Eq. (C9) into Eq. (C8) one obtains the desired
operator identity,
PSˆ(s)(q, z)P = −{z1+ PKˆ(s)(q, z)
− PKˆ(s)(q, z)
î
z1+QKˆ(s)(q, z)
ó−1QKˆ(s)(q, z)}−1P,
(C10)
where the arguments and the symbol ˆ to indicate the
Laplace transformed quantities have been reintroduced.
Let us emphasize that the operator identity, Eq. (C10),
is covariant, i.e., independent of the rendered transfor-
mation L and hence applicable on general grounds.
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